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CHARACTERIZING THE UNIT BALL BY ITS PROJECTIVE 
AUTOMORPHISM GROUP 

ANDREW M. ZIMMER 


Abstract. In this paper we study the projective automorphism group of do¬ 
mains in real, complex, and quaternionic projective space and present two 
new characterizations of the unit ball in terms of the size of the automorphism 
group and the regularity of the boundary. 


1. Introduction 


Suppose K is either the real numbers ffi., the complex numbers C, or the quater¬ 
nions H. View as a right K-module and consider the action of GLd+i(K) on 

the left. Let P(]K'^^^) be the space of K-lines in (parametrized on the right). 
Then PGL(i+i(K) acts on by diffeomorphisms. 

Given an open set 17 C P(K‘^~'’^) the projective automorphism group is defined to 
be 


Aut(r2) = {(^ S PGL(i+i(]K) : — 17} . 

For instance, consider the set 


6 = I [1 : : • • • : 2d] e F{K^+^) : ^ < l| C P(K‘^+^). 

Then Aut(6) coincides with the image ofUK(l,d) in PGLd-i-i(K) and 6 is a bounded 
symmetric domain in the following sense: B is bounded in an affine chart of P(]K‘^^^) 
and Aut(S) is a simple Lie group which acts transitively on B. Moreover, there is 
a natural Aut(S)-invariant Riemannian metric g which makes {B,g) isometric to 
K-hyperbolic d-space (see for instance |Mos73[ Chapter 19]). 

The main goal of this paper is to provide new characterizations of this sym¬ 
metric domain. These characterizations will be in terms of the regularity of the 
boundary (dB is real analytic) and the size of the automorphism group (Aut(i3) 
acts transitively on B). 

We will measure the size of Aut(f7) using the limit set T(f7) C which is the 
set of points x € dfl so that there exists some p € FI and a sequence (pn € Ant (17) 
with pnp —>• X. Since Aut(S) acts transitively on B clearly C{B) = dB. 

We will also restrict our attention to a particular class of domains: 


Definition 1.1. We call an open set 17 C P(K‘^~'’^) a proper domain if 17 is connected 
and bounded in some affine chart. 
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We first show that B is the only proper domain in complex or quarternionic 
projective space whose boundary is and whose limit set contains a spanning set. 

Theorem 1.2. Suppose K is either C or H and fl C is a proper domain 

with boundary. If there exists Xi,..., Xd+i G C{fl) so that 

xi Xd+i = 

(as 'K-lines) then Q. is projectively isomorphic to B. 

Remark 1.3. Theorem o fails completely in real projective space. In particular, 
there are many examples of proper domains C which have boundary, 

£(n) = i90, and Aut(r2) is a discrete group which acts properly and co-compactly 
on n. In some of these examples Aut(n) is isomorphic to a lattice in Isom(]HIg) 
(see [BenOOl Section 1.3] for d > 2 and [Gol90| for d = 2) while in other examples 
Aut(n) is not quasi-isometric to any symmetric space (see |Kap07| ). More back¬ 
ground on these examples of divisible sets in real projective space can be found 
in the survey papers by Benoist [BenOSj . Goldman |Gol09| . Marquis [Marl3j . and 
Quint IQuilO] . 

If Aut(n) acts co-compactly on H is it straightforward to show that £(fl) = dfl 
(see Corollary [331 below). So Theorem 11.21 implies the following: 

Corollary 1.4. Suppose K is either C or H and C P(K‘^~''^) is a proper do¬ 
main with boundary. //Aut(Sl) acts co-compactly on ft then fl is projectively 
isomorphic to B. 

We will show the action of Aut(f2) is proper whenever SI is a proper domain (see 
Proposition 1331 below). In particular, if Aut(S7) is non-compact then £(SI) ^ 0. So 
Theorem II.21 also implies: 

Corollary 1.5. Suppose K is either C or H and SI C P(K‘^~''^) is a proper domain 
with boundary. //Aut(SI) is non-compact and the group 

G={gGGLd+i(K) : [g] G Aut(SI)} 

acts irreducibly on then SI is projectively isomorphic to B. 

If SI C P(K‘^“''^) is a proper domain, (3SI is a hypersurface, and x G cISI we 
define C P(K'^~'"^) to be the K-hyperplane tangent to i9SI at x. It is reasonable 

to refer to the set 9SI fl 9SI as the closed K-/ace of x in i9SI. Our next result 
shows that B is the only set in projective space with boundary and whose limit 
set intersects two different closed two faces. 

Theorem 1.6. Suppose K is either K, C, or H and SI C P(K‘^'''^) is a proper 
domain with boundary. If there exists x,y G £(SI) with T^dfl ^ T^clSI then SI 
is projectively isomorphic to B. 

Remark 1.7. Theorem 11.61 fails for domains with boundary (see Section [T^ 
and in the holomorphic setting (see Example 12.101) . 

Using Proposition 16.II below. Theorem II.61 implies: 

Corollary 1.8. Suppose K is either M, C, or H and SI C P(K‘^~'’^) is a proper 
domain with boundary. If there exists an element (p G GLd+i(K) which has 

eigenvalues of different absolute value and [p] G Aut(SI) then SI is projectively 
isomorphic to B. 
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2. Some prior results 

There is a long history of rigidity results involving the structure of the boundary 
and the size of Aut(r2). Many previous results make at least one of the following 
assumptions: 

(1) that Aut(il) (or a discrete subgroup) acts co-compactly on il, 

(2) is and satisfies some curvature condition (for instance strong con¬ 
vexity or strong pseudo-convexity), or 

(3) n is convex. 

In this brief section we will survey some of these results in the real projective, the 
complex projective, and the holomorphic setting. 

2.1. The real projective setting. As mentioned in Remark |1.3I there are many 
proper domains C P(K.'^^^) with boundary which admit a co-compact action 
by Aut(il). However, rigidity appears if one assumes higher regularity. For instance 
Benoist proved the following characterization of the unit ball in real projective 
space: 

Theorem 2.1. |Ben041 Theorem 1.3] Suppose H C P(K.‘^“''^) is proper convex do¬ 
main and there exists a discrete group F < Aut(H) which acts co-compactly on H. 
If dn is C^'°‘ for all a G [0,1) then H is projectively isomorphic to B. 

Recall that a open bounded set H C is a called strongly convex if H = {a; G 
: r{x) < 0} for some function r : —>■ R with Vr 0 near dBl and 

Hessa;(r)(z;, z;) > 0 

for all X € dfl and v € T^dfl. A proper domain H C P(R'^“''^) is called strongly 
convex if it is a strongly convex set in some (hence any) affine chart which contains 
it as a bounded set. With this terminology Socie-Methou proved the following 
rigidity result: 

Theorem 2.2. [SM02) Suppose n C P(R'^^^) is a strongly convex open set. If 
Aut(H) is non-compact then H is projectively isomorphic to B. 

Remark 2.3. Colbois and Verovic [CV02) gave an alternative proof with the addi¬ 
tional assumption that 917 is . Later Jo [Jo08] and Yi [Yi08) proved that it is 
enough to assume that C{VL) contains a point x where 917 is strongly convex in a 
neighborhood of x. 

2.2. The complex projective setting. The complex projective setting is more 
rigid than the real projective setting especially when one assumes that there is a 
discrete group in F < Aut(17) which acts co-compactly on 17. 

In P(C^) there do exist non-symmetric proper domains which admit a co-compact 
action by a discrete group in Aut(17). However if 917 has very weak regularity then 
a result of Bowen implies that 17 must be a symmetric domain: 

Theorem 2.4. [Bow79) Suppose 17 C P(C^) is a proper domain and 917 is a Jordan 
curve with Hausdorff dimension one. If there exists a discrete group F < Aut(17) 
which acts co-compactly on 17 then 17 is projectively isomorphic to B. 
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In P(C^) the co-compact case is even more rigid and recent work of Cano and 
Seade implies the following: 

Theorem 2.5. [CS14) Suppose n C P(C^) is a proper domain and T < Aut(n) is 
a discrete group which acts co-compactly on Then Q is projectively isomorphic 
to B. 

It is worth noting that Cano and Seade’s proof relies on Kobayashi and Ochiai’s [KO80] 
classification of compact complex surfaces with a projective structure. 

In higher dimensions we proved the following weaker version of Corollarv ll.41 

Theorem 2.6. [Z im m Suppose n C P(C‘'+i) is a proper C-convex domain and 
there exists a discrete group T < Aut(fl) which acts co-compactly on If. If dfl is 
then n is projectively isomorphic to B. 

Remark 2.7. An open set C is called C-convex if its intersection with 

any complex projective line is simply connected. Surprisingly, this weak form of 
convexity has strong analytic implications. See |APS04[ lHor07) for more details. 

2.3. The holomorphic setting. There is also a long history of rigidity results 
involving bounded domains 11 C and their bi-holomorphic automorphism group 
Authoi(fl). We will only mention a few results and refer the reader to the survey 
articles [IK99| and |Kral3) for more details. 

The most classical is the well known characterization of the unit ball due to 
Rosay [Ros79] and Wong [Won77] . Recall that a bounded domain fl C is called 
strongly psuedo-convex if II has boundary and the Levi-form at each point in 
the boundary is positive definite. 

Theorem 2.8 (Rosay and Wong Ball Theorem). Suppose fl C is a bounded 
strongly pseudo-convex domain. //Authoi(Il) is non-compact thenH is bi-holomorphic 
to the unit ball. 

In fact it is enough to assume that the limit set contains a point x where cAl is 
strongly pseudo-convex in a neighborhood of x (see [R,os79] l . Thus one obtains 
the following characterization of the unit ball: 

Corollary 2.9. Suppose SI C is a bounded domain with boundary. If 
Authoi(Sl) acts co-compactly on SI then SI is bi-holomorphic to the unit ball. 

We should also observe the the direct analogue of Theorem II.61 fails in the holo¬ 
morphic setting in particular: 

Example 2.10. Let SIq = {{zi,Z 2 ) G : Im(zi) > |z 2 |"^}. Then for t G R, 
Aut(Slo) contains the bi-holomorphic map 

at ■ {zi,Z2) {e'^*zi,e*Z2). 

Moreover SIq is bi-holomorphic to SI = {(zi, Z 2 ) G -I- \z 2 f < 1} via the 

map E : SIq —t SI 

2(zi+z)l/2) • 

Then bt = F o at o F~^ G Aut(fl) and so (1,0), (—1, 0) G T(n). 

However, we recently proved the following variant of Theorem ll.6l in the complex 
setting: 
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Theorem 2.11. |Ziml5a) Suppose Q G C‘^ is a bounded convex open set with C°° 
boundary. If there exists x,y € C{^1) with Tydit then U is bi-holomorphic 

to a domain of the form 

{{zi,...,Zd) G : \zif +p{z 2 ,...,Zd) < 1 } 

where p is a polynomial. 

Remark 2.12. In [ZimlSaj . we actually show that p is a weighted homogeneous 
polynomial. 

Finally we should mention a remarkable theorem due to Frankel: 

Theorem 2.13. [Fra89] Suppose C C‘^ is a bounded convex open set and there 
exists a discrete group F < Authoi(f^) which acts properly discontinuously, freely, 
and co-compactly on Gl. Then Gl is a bounded symmetric domain. 

Acknowledgments. This material is based upon work supported by the National 
Science Foundation under Grant Number NSF 1400919. 

3. Preliminaries 

3.1. Notations. Given some object o we will let [o] be the projective equivalence 
class of o, for instance: if u G \{0} let [r] denote the image of v in P(]K'^“'"^) 
and if (/) G GLd_|_i(IK) let [(j)] denote the image of (j) in PGLd+i(K). 

For v,w G we define the standard inner product 

{v, w) =* vw 

where ‘u is the conjugate transpose of v. We let ||w|| = {v,v) be the norm induced 
by this inner product and for T G End(]K‘^^^) let ||T|| be the associated operator 
norm. If is the K-module of K-linear functions / : —>• K then we 

define 

ll/ll =sup{|/(z)|:zGK-^+M|z|| = l}. 

3.2. Quarternions. We present a short introduction to the Quaternions in the 
appendix ('SectionlATl. 

4. An intrinsic metric and applications 

Let denote the K-module of K-linear functions / : —>■ K, that is 

f{vz) = f{v)z for all v G K'^^^ and z G K. Then let be the projective 

space of lines in (parametrized on the right). Then the dual set of 12 C 

P(K‘^+^) is the set 

n* = {f G P(K(^+^)*) : ker / n n = 0}. 

Given ip G PGLd-i-i(K) let *(p G PGL(K^‘^~''^^*) be the transformation *g>{f) = f oip. 
We begin by making some observations: 

Observation 4.1. 

( 1 ) If n is open then Gl* is compact. 

(2) If n is bounded in an affine chart then Gl* has non-empty interior. 

(3) If G Aut(r2) then *ip G Aut(r2*). 
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Now using the dual we can define a metric which generalizes the classical Hilbert 
metric in real proiective geometry. For an open set H C define the function 

Cn : H X H ^ K by 

Cn{p,q)^ sup log 

Since =* we see that 

Cn{p,q) = C^Q{(pp,(pq) 

for all (fi G PGLd_|_i(IK) and p,q gVL. Thus Cq, will be Aut(H)-invariant. 

When K = R and H C is a convex subset, this function Cq, coincides 

with the classical Hilbert metric (see for instance |Kob77) l. For K = C this function 
was introduced by Dubois |Dub09) for linearly convex sets in P(C‘^~'’^). For such 
domains, Dubois proved that Cq is a complete metric. Additional properties of 
the metric Cq for linearly convex sets were established in [Ziml3] . Finally we 
recently constructed an analogue of the metric Cq for certain domains in real flag 
manifolds [ZimlSb] . 

Next we will show that Cq is a metric generating the standard topology whenever 
the domain is proper. However, without convexity assumptions Cq may not be a 
complete metric. 

Proposition 4.2. Suppose D C P(IK‘^~''^) is a proper domain. Then Cq is an 
-invariant metric on D which generates the standard topology. 

It will be helpful to observe that Cq on the unit ball is actually the symmetric 
metric: 

Lemma 4.3. If 

B=l[l:zi:---:zd]G ^ |z,|" < 1 

I i=i 

then {B,Cb) coincides with the model o/ described in Chapter 19 of |Mos73j . 
In particular, Cg is a complete metric on B which generates the standard topology. 

Proof. Let ds be the distance on B described in Chapter 19 of |Mos73| and for 
t £ (—1,1) let 

Xt = [1 : t : 0 : ■ • ■ : 0]. 

Now for any p,q G fl there exists ip G SUk( 1, d) so that pp = Xq and pg = xt for 
some t G (0,1). Then since SU]K(l,d) acts by isometries on {B,Cb) and (H,dx) it 
is enough to show 

CB(xo,Xt) = dK(xo,Xt). 

Moreover when t G (0,1) 

dK(a;o,a;t) = log 

Using the standard inner product we can identify with and then view 

B* as a subset of P(K‘'+^). Then 

d 

4=1 



/(P)g(g) 

f{9)9{p) 


B 
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Then it t £ (0,1) 


Cn{xo,xt) 


sup log 


l-tfi 
1 - tgi 


and this is clearly maximized when / = [1 : — 1 : 0 : • • • : 0] and g = [1 : 1 : 0 : • ■ • : 
0], So 


Cn{xo,xt) = log 


1 +1 
l-t 


and thus Cq = d-^- 


□ 


Proof of Proposition \4^ Since = O* for all (p £ Aut(r2), it is clear that Cq, 
is Aut(r2)-invariant. 

Suppose that p, g, r G n. Since is compact there exists f,g £Q* 


Ca{p,q) = log 


f{p)9{q) 

f{q)9{p) 


Then for r £ Pi 


Cn{p,q) = log 


f{p)9{q) 

fiq)9ip) 


< log 


f{p)9{r) 

fir)9ip) 


+ log 


/(Og(g) 

/(g)ffW 


< CQ{p,r) + Cn{r, q). 


So Cq satisfies the triangle inequality. 

Now fix an affine chart K'^ which contains 17 as a bounded set. Then after 
rescaling we may assume that 


nciB:={z£K‘‘ : H^H < 1}. 


By the above Lemma Cb is a complete metric which generated the standard topol¬ 
ogy on B. Moreover B* C 17* and so Cb < Cq on 17. Then for p,q £ Pi distinct we 
have 


0 < CB{p,q) < CQ{p,q). 


Thus Cq is a metric. 

Since 17* is compact the function Cq : 17 x 17 —>■ R>o is continuous. Thus to show 
that Cq generates the standard topology it is enough to show: for any p £ PI and 
17 C 17 an open neighborhood of p there exists e > 0 so that 

{q£P:CQ{p,q) <e}cU. 

But since Cb generates the standard topology on B, there exists e > 0 so that 

{q £B : Cb{p, q) < e] C U. 


But then 


{(? G 17 : Cq{p, q) <(i} <£{q£ Br-. Csip, q) < e} C U 


since Cb < Cq on 17. So Cq generates the standard topology. 


□ 
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4.1. The automorphism group. 

Proposition 4.4. Suppose fl C is a proper domain. Then Aut(r2) < 

PGLrf_i_i(]K) is a closed subgroup and acts properly on il. 

Proof. We first show that Aut(r2) is a closed subgroup of PGL£;+i(]K). Suppose 
that ifn G Aut(fl) and v?™ ^ in PGL£i+i(K). Let dp be a distance on P(]K'^^^) 
induced by a Riemannian metric. Then since ipn ^ T there exists some M > 1 so 
that 

^dp{p,q) < dp{ipnP,‘-Pnq) < Mdp{p,q) 

for all p,q € and n S N. Next define Sq : il ^ K.>o to be 

(5a(p) = mi{dv{p,x) : x € F{K‘^+^) \ fl}. 


Then 

< Sn(ipp) < MSq{p). 

for p G fl. So C O. Since (p~^ the same argument shows that 

C n. Thus (p{Fl) = n and ip G Aut(n). 

We now show that Aut(n) acts properly. This argument requires some work 
because Cn may not be complete. So suppose AT C fl is a compact subset and 
Pnkn G K for some pn G Aut(n) and € K. We claim that a subsequence 
of pn converges in Aut(n). By passing to a subsequence we can suppose that 
kn ^ k G K. Now since Cq, is a locally compact metric (it generates the standard 
topology) and K C Fl is compact there exists some <5 > 0 so that the set 

Ki = {qGn:Cn{K,q)< 26 } 


is compact. Next let 


K2 = {q G : Cpiik, q) < (5}. 

Then for large n we have PniKi) C A'l. Since pn preserves the metric Cq we can 
pass to a subsequence and assume that Pn\K2 converges uniformly to a function 
/ : K 2 -G- Ki. Moreover 

Gn(/(pi),/(p2)) = lim CQ{pnPl,PnP2) = Cq{pi,P2) 

n—¥oo 

for all pi,P2 G Fl. Since Cq is a metric, / is injective. Next pick pn G GL£i+i(K) 
so that ll^nll = 1. By passing to a subsequence we may assume that ^ $ in 
End(]K'^^^). Moreover, if p € K 2 \ ker<l> then 

f{p) = lim pnp = ^ip). 

n—¥co 

Since K 2 has non-empty interior and / is injective this implies that 4> induces an 
injective map P(IK‘^“''^) P(K‘^“''^). Hence $ S GLci_|_i(IIC). Thus pn —>■ [4>] in 

PGL(i_|_i(]K) and since Aut(H) is closed we see that [<&] G Aut(fl). □ 
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4.2. The asymptotic geometry of the intrinsic metric. 

Proposition 4.5. Suppose C is a proper domain, PmQn C are 

sequences such that Pn ^ x € dft, Qn ^ V ^ dfl, and 

lim CQ{pn,qn) < oo. 

n—foo 

Then 


y e n{ker/ : / e ^*,f{x) = 0}. 


Proof. Suppose f G ft* and f{x) = 0. Since has non-empty interior there exists 
g G it* so that g{x) ^ 0 and g{y) 0. Then 


Cn{Pn,qn) > log 


f{qn)g{pn) 

f{Pn)g{qn) 


Let Pn,qn,x,y € and f,g € be representatives of pn,qmX,y G 

P(]K‘^+^) and f,g& P(K(‘^+^^*) normalized such that 


= l|Pn|| = ||<7n|| = P|| = ||y||=l. 


Then 


Ca{Pn,qn) > log 


/(gri) 

/(P«) 


+ log 


g(p») 

9i.qn) 


Since f{x) = 0, we see that f{pn) —t 0. Since g{x) ^ 0 and gigj) ^ 0, we see that 


log 


g(Pn) 

g(g«) 


is bounded from above and below. Thus we must have that f{qn) 0 and so 
y G ker /. □ 


Proposition 4.6. Suppose C P(K‘^~''^) is a proper domain and pn,qn C SI are 
sequences such that Pn ^ x € id. If 

lim C(i{pn,qn) = 0 

n—yoo 

then q-n ^ X. 

Proof. Fix an affine chart which contains 17 as a bounded set. Then after scaling 
we may assume that 

ncB={zGC‘^ : ll^ll < 1}. 

By Lemma 1331 Ch is a complete metric which generated the standard topology on 
B. Moreover B* C 17* and so < Cq on 17. Then 

lim CB{Pn,qn) = 0 

n—>-oo 

and so qn ^ x. □ 


Corollary 4.7. Suppose 17 C P(]K'^~''^) is a proper domain and Aut(17) acts co- 
compactly on 17. Then £(17) = dil. 
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Proof. Fix X € dft and a sequence so that pn —>■ x. Now there exists 

a compact set if C O and ipn G Aut(r2) so that (fnPn G K. We can pass to a 
subsequence so that PnPn k G K. Then 

lim Cn{pn,(p~^k) = lim CaipnPnjk) = 0 

n—^oo n—^oo 

and so p^^k —> x by the previous Proposition. □ 


5. Limits of Automorphisms 

Proposition 5.1. Suppose id C P(]K'^^^) is proper domain with boundary, 
ipn G Aut(r2), and 

(finP —>■ and (fin^p —)■ x~ 

where p G St and x~^ ,x~ G dSl. Then 

( 1 ) ipnq x^ and -G x~ for all q G St, 

(2) there exists G St* so that ker/=*= = T^±dSt, 

(3) if ^ G P(End(K'^^^)) is the element with Im($) = x~^ and ker$ = T^_dSt 

then $ as elements o/P(End(]K'^^^)), 

(4) if U is a neighborhood of St D T^_ dSt and V is a neighborhood of x~^ then 
there exists N > 0 so that 

iPniTi\U)CV 

for all n > N. 

Proof. Notice that —>■ oo in PGLd+i(K) since x'^,x~ G dSt and Aut(ri) < 

PGLd+i(K) is closed. 

We begin by proving part (3). Since P(IK‘^''"^) is compact it is enough to show 
that any convergent subsequence of ((/3n)neN converges to <&. So, by passing to a 
subsequence, we can assume that pn converges. Then let pn G GLd+i(K) be a 
representative of pn so that \\pn\\ = 1 and pn d>+ in End(IIC‘^~'’^). We can write 
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Next identify with using the standard inner product and using this 

identification view D,* as a subset of Then with this identification 

Aut(f7*) = : if G Aut(f2)} 

where *Tp G PGLd+i(K) is the standard conjugate transpose of (/? G PGLd+i(]K). 

Now := an4+ii^^n ) ^ representative of which converges in End(]K'*^^) 

to 

Ar \ 

'!>+:= ki \ k2 

\ ^d+l) 

and A.- ■=* i® ^ representative of which converges in End(]K'^^^) to 



Next let m = max{j : 7 ^ 0} and M = min{j : A“ 0}. Then m < M 

because > oo in PGLd+i(K). 

Next let ei,..., ed+i be the standard basis of Then $+ maps any open 

set of P(]K'^+^) \ ker $ onto an open set of ki Spanjci,..., Cm}- Moreover 

$+(z) = lim ipn{z) 

n—^oo 

for any z G P(K‘^~''^) \ ker $ and since Aut(r2) acts properly on 17 if g G O any limit 
point of ifnQ is in i917. Thus since 17 is open we see that 917 contains an open subset 
of fci Spanjei,..., em}- The same argument applied to 5*+ implies that 17* contains 
an open subset of k SpanjcM, • • •, Cd+i}. However, for Zi G fci Span{ei,..., Cm} and 
Z 2 G ki SpanjcM) • ■ •, Sd+i} we have that (zi, Z 2 ) = 0. So if 

zi G 917 n fci Spanjci,..., Cm} 

and 

Z 2 e 17* n ki SpanjcM, ■ • ■, Sd+i} 

we see that 

ker(-,Z 2 ) =U"^917. 

Thus dimjj fci Span{eM 5 ■ • ■, ^d+i} = 1 and so M = d + 1. Applying this argument 
to $_ and '!>_ we see that m = 1. 

Now Im$± = y^, Im5'± = /^, and = 0 for some y^,f^ G P(K‘^~'’^). 

By the arguments above G 917 and G 17*. So T^917 = ker/^. On the other 
hand, by construction, ker$± = ker/^. So ker $017 = 0 and for all g G 17 we have 

Y = $±(9) = lim 

n—¥oo 

So y^ = x^, T^±dVL = ker/=*=, and ker$ = T^_917. This proves part (3). 

Part (1), (2), and (4) follow from the proof of part (3). 


□ 
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6. The structure of bi-proximal automorphisms 

Suppose Lp G PGLd+i(K) and (p G GLd+i(IK) is a representative of ip with 
det^ = ±1 (see Appendix El for the definition of det when K = H). Then let 

o'i((/?) < da((/?)<•■• < ad+i{p}) 

be the absolute value of the eigenvalues (counted with multiplicity) of (p. Since we 
are considering absolute values these numbers only depend on ip. 

An element ip G PGLd+i(K) is called proximal if (Jd(^) < and is called 

bi-proximal if (p and ip~^ are proximal. When ip is bi-proximal let and x~ be 
the eigenlines in P(]K'^^^) corresponding to ad-^-i^ip) and cri((/j). 

Proposition 6.1. Suppose C P(]K‘^^^) is proper domain with boundary, 
ip G Aut(G), and ad+i(}p) > ci(</?). Then ip is bi-proximal. Moreover, 

(1) x+,x- G dn, 

(2) r\ar!n5f] = {x+}, 

(3) rf.dVl C^^n = {x-}, and 

(4) if U'^ C is a neighborhood of and U~ C fl is a neighborhood of x~ 
then there exists N > 0 such that for all m > N we have 

ip'^idn \ U-) C U+ and ip-"^{dn \ U+) C U-. 

Proof. Since ad+i{ip) > cri{ip), oo in PGLd+i(IK). So fixing p € fl we can 

find Uk ^ oo so that 

ip’^kp ip~'^*‘p —>• x~ 

for some x'^,x~ G dVL. By Proposition 15.11 converges in P(End(]K‘^~'’^)) to an 
element $ where Im($) = x'^, herd) = T^_dTt. Moreover, there exists G fl* 
with ker/± = 

By considering the Jordan block decomposition of ip we see that x'^ is an eigen- 
line of ip with corresponding eigenvalue having absolute value Ud+iisp) and f~ is an 
eigenline of *ip with corresponding eigenvalue having absolute value ai{ip). Apply¬ 
ing this argument to ip~^ implies that x~ is an eigenline of ip with corresponding 
eigenvalue having absolute value <Ji{ip) and is an eigenline of *ip with corre¬ 
sponding eigenvalue having absolute value Ud+i ((/?). 

Now since cri{ip) ad+i{ip) we see that /+ ^ f~. Then f^{x~) ^ 0, for 
otherwise 

ker/- = Tf+dn = ker/+ 

which is impossible. Similarly, f~{x~^) ^ 0. 

Now ip preserves the subspaces a;+, x~, and ker /+ Piker f~. So if wi,..., Vd+i is a 
basis of with Kzii = x'^,Kv 2 = x~, and ker /+nker f~ = Span][j(u 3 ,..., Vd+i) 
then with respect to this basis ip is represented by a matrix of the form 

A- I G GLd+i(K). 

a) 

Since Im($) = x'^ we see that ||A|| < |A+| and applying this argument to ip~^ 
implies that ||A“^|| < |A“| Thus ip is bi-proximal and x^ = 
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We next claim that d^l fl T^+dfl = {a;+}. Suppose that z G d^l fl T^+dH. then 
either z = a;’*' or z = [zi : 0 : Z 2 : • • • : -^d] and Zj ^ 0 for some 2 < j < d. In the 
latter case, there exist Wi —>■ 00 such that z ^ w and w = [0 : 0 : x (;2 : • ■ • : Wd\ ■ 
But then w G dVl n dVl fl T^_ dVL which is impossible since dVl is . So we 
have a contradiction and so z = x'^. Applyina; this argument to shows that 

dnr\Tf_d^ = {a;”}- 

Finally part (4) follows part (4) of Proposition [5Jl □ 

7. Finding bi-proximal elements 

Theorem 7.1. Suppose fl C is proper domain with boundary. If there 

exists x,y £ C{fl) such that T^dft ^ T^dfl then Aut(n) contains a bi-proximal 
element. 

Lemma 7.2. Suppose fl C is proper domain with boundary, (pn G 

Aut(n), and 

ifnP —t x'^ and ipf^p x~ 

where p € fl and x'^,x~ G dfl. If T^_dfl then (pn is bi-proximal for n 

large enough. Moreover, x^^ —>■ x~^ and x~^ —>■ x~. 

Given two points x,y G let L{x,y) be the projective line containing x 

and y. 

Proof. We first claim that for n large enough ipn has fixed points x'f,xf G fl. Fix 
compact neighborhoods of x^ with the following properties: 

(1) = 

(2) n n is topologically a closed ball, 

(3) there exist a compact set K C fl so that if G U~^ and y~ G U~ then 

L{y^,y~)r\K 0. 

Since x^ ^ T^^dfl part (1) holds for small enough neighborhoods. Since dfl is a 
hypersurface it is always possible to shrink a neighborhood so that part (2) holds. 
Finally since the line L{x~^,x~) is transverse to dfl at x^ and x~, part (3) holds 
for small enough neighborhoods. 

Now by Proposition 15.11 there exists TV > 0 so that 

(Pn{u^ n n) c n fi 

for all n > N. So by the Bouwer fixed point theorem, for n large enough has 
a fixed point x^ G fl fl. Now fix points G AT fi L(a:+,x“). Since AT C fl is 
compact and (Pn^q —t x^ for all g G fl we see that 

Pnkn and ipf^kn x~. 

So for large n the ratio of the absolute value of the eigenvalues of pn corresponding 
to the lines a;+ and xf must be different. So for large n, ad+ii.'pn) > eFi{Pn)- Thus 
Pn is bi-proximal by Proposition 16.11 Then by part (4) of Proposition 16.11 we see 
that Xn = x^^. 

Finally we can choose U~^ and U~ to be arbitrary small neighborhoods of x~^ 
and x~ which implies that x'^^ —>■ x'^ and x~^ x~. □ 
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Lemma 7.3. Suppose C is proper domain with boundary, ipn, ipm £ 

Aut(ri), 

(finP X^,ip~^p -)■ x~,(j)mP and (^“V y~ 

where p G n and x~^, x~, y~^, y~ G dit. If 

{T^+dn,Tf.dn} n = 0 

then 7 fc := 'Pk4‘k^ *'S bi-proximal for k large enough. Moreover 

')kP x'^ and 'yff^p 

Proof. Fix compact neighborhoods of x^ and of y^ so that 

(C/+ u [/-) n (r^+dn u = 0 

and 


{v+ u y-) n {T^+dn u T^_ an) = 0. 

Now by Proposition 15.11 there exists iV > 0 so that ip^^p £ U~ and <PniV^ U 
V~) C t/+ for all n > N. Likewise there exists M > 0 so that £ V~ and 

4>m{U^ U U~) C for all m > M. Then if fc > max{M, N} and jk ■= ‘Pk4>k^ we 
see that 'jkP £ U'^ and 7^7 £ V^. 

Since U~^ and can be choosen to be arbitrary small neighborhoods of x^ and 
respectively, we see that 

'jkP -)• x+ and J^^p -J- y^. 


Finally since 

T^+an ^ Tf+an 

Lemma 17.21 implies that jk is bi-proximal for large k. □ 

Proof of Theorem [m Fix sequences (pn, 4>m £ Aut(r2) so that 

PnP -t X and (fmP -t y 

for some p € fl. By passing to a subsequence we may suppose that 

Tn^p x~ and y~. 

If T^an 7 ^ T^_ a^l then ipn is bi-proximal for large n by Lemma 17.21 Likewise if 
T^ail 7 ^ T^_ art then (frn is bi-proximal for large m by Lemma 17.21 
So suppose that T^ait = T^_an and T^an = T^_an. Then 

n = 0 

and so Pk4>k^ is bi-proximal for large k by Lemma [7731 □ 
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8. Rescaling with bi-proximal elements 

Definition 8.1. If K is either K, C, or HI let Kp be the purely imaginary numbers 
in K, that is Rp = (0), Cp = 1®, and Hp = zK+jR+fcR. 

Suppose n is a proper domain with boundary. If tp S Aut(n) is bi-proximal, 
then we have the following standard form. First let be the K-tangent hyper¬ 
plane at x^. Then pick coordinates such that 

(1) a;+ = [l:0:---:0], 

(2) a;- = [0:1:0: 

(3) H+nH- = {[0:0:z2:---:zd]:z2,...,ZdeK}. 

With respect to these coordinates, (p is represented by a matrix of the form 

A- e GLd+i(K) 

A) 

where A is a {d — l)-by-((i — 1) matrix. Since 

H~ = {[0 : zi : ■ ■ ■ : Zd] ■■ zi ... ,Zd &K} 
and n n H~ = 0 we see that 12 is contained in the affine chart 

= {[1 : zi :■■■: Zd] ■■ zi,Zd G K}. 

In this affine chart corresponds to 0 and T^dfl = {0} x Then by a 

projective transformation we may assume that 

(4) Todfl = Kp X 

Since 912 is there exists open neighborhoods V C Kp of 0, IF C R of 0, an 
open neighborhood U C K'^”^ of 0, and a function F : V x U ^ IF such that 
if O = (F + W) X U then 

(5) dfinO = {{zi, ...,Zd)€0: Re(zi) = F{zi - Re{zi),Z 2 , ■ •., Zd)}- 
By another projective transformation we can assume 

(6) 12 n O = {(^i, ...,Zd)€0: Re(zi) > F{zi - Re{zi),Z 2 , ■ ■ ■,Zd)}. 

Theorem 8.2. With the choice of coordinates above, the function F extends to 
Kp X K"^”^ and 

12 = {(zi,..., Zd) G K'^ : Re(zi) > F(0, Z 2 ,..., ^d)}- 
Moreover if K is either C or H then for 

))eSMK) 

with [h] G Auto({z G K : Re(z) > 0}) the projective transformation defined by 
ifh • [zi ,..., Zd] = [azi + bz 2 : czi+dz 2 ■■ Z 3 : ■ ■ ■ : Zd+i] 
is in Auto (12). 

Remark 8.3. A special case of the above Theorem was established in |Ziml3[ The¬ 
orem 6.1]. Namely when K = C and in addition 12 is a C-convex set. 
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Proof. We can assume O is bounded. Then by Proposition 15.11 we can replace ip 
with a power of p so that p{0) C O. 

We first claim that F{x,z) = F{0,z) for {x,z) € V x U. Notice that with our 
choice of coordinates p acts by 


p ■ {zi,z) 


A zi 


where A^ and A are as above. Since p is bi-proximal 


A 

A+ 


0 . 


x + —F{x,z),—z 


A+ A+ 


A+ 


Since p preserves Tgdfl = Kp x K“ we see that A /A+ G R. Since is an 
attracting fixed point we have A^/A’*' G (—1,1). Finally since 

p- {x + F{x,z),z) = 

and p{0) c O we see that 

F 

Differentiating F in the x direction yields 

(V^F){x, z) = (W^F) ^^ 2 ;, -^z 
and repeated applications of the above formula shows 


A- A 

A+"'’ A+^ 




(V,)F(x,z) = (V,F) 


W 

A+ 


’ V A+ 


for all n > 0. Taking the limit as n goes to infinity proves that {'S/xF){x, z) = 
{'VxF){0,0). Since (Va;F)(0,0) = 0 we then see that F{x,z) = F{0,z) for all 
(cc, z) G V X U. 

Now for {x, z) G Kp x there exists fV > 0 so that p^ ■ {x, z) G V x U. 
Then we define 


F{x,z) 



Notice that this definition does not depend on the choice of N, that is if p^ ■ {x, z) G 
V X U then 



So we see that F extends to a function defined on Kp x K"^ Moreover, this 
function is clearly . With this extension 

U„gN¥’“"(0 nSA) = {( 21 ,..., 2 ;d) G K'^ : Re(zi) > ^"(0, Z 2 , ■ ■ ■, Zd)} 


and U„gN</2 "(Onn) = by Proposition 16.11 This proves the first part of the 
Theorem. 
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Now assume that K is either C or H. Then for w G Kp define the projective 
map Uw hy Uw ■ {zi, ■ ■ ■, Zd) = {zi + w, Z 2 , ■ ■ ■, Zd). Since F{x, z) = F{0, z), we see 
that Uw G Auto(f^) for all w G Kp. Also Uw corresponds to the matrix 


in the action of SL 2 (K) defined in the statement of the theorem. 

The same argument starting with instead of (p (that is viewing as a subset 
of the affine chart {[zi : 1 : Z 2 : • • • : Zd]}) shows that Auto(ri) contains the group 
of automorphisms corresponding to the matrices 

{(; ”):»elKp} 

in the action of SL 2 (K) defined in the statement of the theorem. 

Finally these two one-parameter subgroups generate all of Auto({z: G K : Re(z) > 
0}) (see Proposition IB.2p and thus the second part of the theorem is proven. □ 

We end the section with three corollaries of Theorem 18.21 If we consider the 
matrices 



in the statement of Theorem 18.21 then we have the following: 

Corollary 8.4. Suppose K is either C or El and fl is a proper domain with 
boundary. If p € Aut(r2) is bi-proximal, then there exists a one-parameter subgroup 
ipt G SLd+i(K) of bi-proximal elements such that [ipt] G Auto(fl) and 

(1) (V't)l4 =e‘Id|4, 

(2) (4)|^_=e-‘Id|,-, 

(3) (V'OIh+dh- = Id|p+nH- where = T^±dn. 

Proposition IB . 21 and Theorem l8.2l also imply the following: 

Corollary 8.5. Suppose K is either <C or M, fl is a proper domain with bound¬ 
ary, ip G Aut(ll) is bi-proximal, and L is the complex projective line containing 
a;+ and x~. Then for all x,y G L f] dfl there exists pxy G Auto(r2) such that 

Pxy{x) = y. 

Finally Theorem 18.21 also implies the following: 

Corollary 8.6. Suppose K is either C or H, 12 is a proper domain with bound¬ 
ary, and Aut(r2) contains a bi-proximal element. If xi,... ,Xn G dVt then there 
exists a bi-proximal element p G Aut(S2) so that 

{xi,...,xn}r\{x+,x~} = 0. 

9. Proof of Theorem 11.61 

9.1. The real case. First suppose that K = R. Then using Theorem 17.11 and 
Theorem l8.2l we can find an bi-proximal element p G Aut(r2) and make a change of 
variable so that the affine chart = {[1 : xi : • • • : Xd] '■ xi,... ,Xd G R} contains 
12, 0 G 512, ro512 = {0} X R^“\ 

12 = {(xi, ...,Xd)€M.‘^:xi> F{x 2, ..., Xd)} 
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for some function F : ^ R, and (p has attracting and repelling fixed points 

x+ = [1 : 0 : • • • : 0] and = [0 : 1 : 0 : • • • : 0]. Notice that F(0) = 0 and F(x) > 0 
for all X e R‘'”U{0}- 

Now with respect to these coordinates (p is represented by a matrix of the form 


A/ 


S GLc!+i(R) 


with A > 1. And so 


X^r^F{-A-x]=F{. 


for all a: S R'^ ^ and n € N. 

We first claim that up to a change of coordinates A G 0{d — 1). Since F is 
there exists C > 0 so that F{x) < C ||a;|l^ for all x sufficiently close to 0. Thus for 
n large enough 

2 


F{x) < A' 


2n 




Since F is positive on R“ \{0} this implies that 

inf inf |U”x|| > 0. 

rtGN||a;|| = l 

Applying the same argument to shows that 

inf inf ||A-”a:|| > 0. 
riGN ||a;|| = l " " 


Thus ||A"|| and ||A“"|| are both bounded. Thus {A" : n G Z} < GLd_i(R) is a 
bounded group. Thus, up to a change of coordinates, A G 0(d — 1). 

Now we can fix —>■ oo so that A"'' —>■ Id^-i. Then for x G R'^”^ 

F(x) = lim A2”'“F ( ^A”'“a; ) = ^Hess(F)o(x, x) 
k-^oo \A"'= / 2 

since F is Since F(x) > 0 for all non-zero x we then see that Hess(F)o is 
positive definite and hence up to a change of basis we see that 

1 

F{x2,...,Xd) = 2 X! 1 ^* 1 ^- 


9.2. The complex and quaternionic case. First, using Theorem [7A] and Corol¬ 
lary we can change coordinates so that the affine chart 

= {[1 : : • • • : Zd] : zi,..., Zd G K} 

contains fl, 0 G did, T^dil = Kp x and 

n = {(zi,..., Zd) G : Re(zi) > F(z 2 ,..., Zd)} 

for some function F : R. Notice that F(0) = 0 and F{z) > 0 for all 

z gk^“U{o}. 

We also can assume that Auto(n) contains the transformation 
[zi,..., Zd] ^ [azi -f bz 2 : czi + dz 2 ■■ Z 3 : ■ ■ ■ : Zd+i] 
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when 

'•=0 

and [h] G Auto({ 2 : G K : Re(z) > 0}). 

We claim that 

( 1 ) F{z) = -^F{wz) 

\w\ 

for w G ]K\{0}. First since the transformation 

at ■ [zi, ...,Zd] = [e~*zi : e*Z 2 : Z 3 : ■ ■ ■ : Zd+i] 

acts on the affine chart K'^ by 

at ■ (zi, ...,Zd) = e*Z2, ■ ■ •, e*Zd) 


we see that 

(2) F{z) = -^F{e^z). 

e 

Next w € IKp the transformation 


Uiu ■ [zi, ...,Zd\ = [ziF WZ2 : Z2 ■■ Z3 : ■ ■ ■ : Zd+i] 


is in Aut(ri) and acts on the affine chart by 


{Zi, Z2, . . . , Zd) = 


Zl 


Z2 


Zd 


1 + WZl 1 + WZl ' 


Notice that 


Re 


Zl 


1 + WZl 


1 


|1 + WZi\ 


■ Re (-Zi(l — ziw)) = 


1 + WZl 
Re(zi) 


|1 + WZl I 


so if we apply Uyj/F{z) to the point {F{z), z) G dfl we see that 


(3) F(z) = II+ wl^Ff^) 

\1 + w/ 

for all w € Kp. Combining Equations [5] and [3] we see that Equation [T] holds for 
all w G K with Re(w) > 0. On the other hand, any w G K\{0} can be written as 
z = W 1 W 2 where Re(wi), Re(w 2 ) > 0. So Equation [T] holds for all w G K\{0}. 

Now since F is and F(z) = e^‘F(e“*z) we see that 

= ^Hess(F)o(z,z) 

for all z G Since T^dfi fl dfi = {0} and {0} x we have F(z) > 0 for all 

z G and so the Hessian of F is positive definite. 

Now let r = dimRlK and identify with in the obvious way. For 

w G K let M{w) G GLr(d-i)(R) denote the action by scalar multiplication by w. 
Notice that *Af(w) = M(w). Now under this identification there exists a matrix 
A G GLj.((i_i)(]R) so that 

Hess(F)o(zi,Z 2 ) =* ziAz 2 . 


Since F{wz) = \w^ F{z) for w G K we see that 

M{w)AM{w) = |w|^A. 
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So 


AM(w) = \w^ M{w) ^A. 


But \w\^ M{w)~^ = M{w). Thus A is K-linear. Hence A can be viewed as a matrix 
in GL£i_i(K). Now since H as a matrix in we see that *^A = A 

as a matrix in GL£i-i(IK). Moreover, A is positive semidefinite. Thus there exists 
g G GLd-i(IK) so that 

^gAg = Idd-i. 


Thus, up to a change of coordinates, 

d 

F{z2,...,Zd) = 

2=2 


and 


H i (zi,..., Zd) e : Re(zi) > ^ | 


10. The STRUCTURE OF THE LIMIT SET 

Proposition 10.1. Suppose K is either C or H and H C is a proper 

domain with boundary. If there exists x,y G £(fl) such that T^dGl 7 ^ T^dGl 
then the limit set C{I1) C P(K'^~'’^) is a closed C°° submanifold of P(K‘^''’^) and 
Auto(H) acts transitively on £(H). 

The fact that £(H) is a (7°° submanifold of P(K‘^'''^) will follow from a general 
fact about the orbits of Lie groups: 

Lemma 10 . 2 . Suppose G is a connected Lie group acting smoothly on a smooth 
manifold M. Then an orbit G - m is an embedded smooth submanifold of M if and 
only if G ■ m is locally closed in M. 

Here smooth mean C°° and for a proof see [tPOSl Theorem 15.3.7]. 

Lemma 10.3. Suppose K is either C or El and Gl C P(K‘^~'"^) is a proper domain 
with boundary. If x~^,x~ G dGl, T^_dGl, and there exists bi-proximal 

elements (pn G Aut(H) so that 

xfp^ -G x~^ and x~^ —>■ x~ 

then there exists p G Aut(H) bi-proximal so that x'^ = x^ and x~ = x~. 

Proof Let dll and = Tf^dPt. Since H+ ^ H-, H+ n H- ^ 

n H~ in the space of {d — l)-planes in By Gorollarv 18.41 we can assume 

that ipn G SLd+i(K) and 

(1) (‘^")L+„ = 2 Id|,^+^, 

( 2 ) 

( 3 ) {‘Pn)\H+nHp 

Since Hf[ fl H~ fl i7“, pn converges to p G SLd+i(K) where 

(1) { t )\ x + = 2IdU+, 

( 2 ) = iidU-, 

(3) (7’)lH+nH- = Id |//+nH-. 
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Then since Aut(r2) is closed [(^] £ Aut(n). 


□ 


Lemma 10.4. Suppose K is either C or H, 12 C is a proper domain with 

boundary, and there exists x,y € £(12) such that ^ T^d^. Then for any 

z £ £( 12 ) 

rf 512 n 512 = {z}. 

Proof. There exists (fy-m S Aut(12) and p e 12 so that (fmP “t z. By passing to a sub¬ 
sequence we can assume that 4>fifp -£ z~. Now by Theorem 17.11 and Corollary 18.61 
there exists 7 S Aut(12) bi-proximal so that {z, z~}C\{xfl,x~} = 0. Proi30sition l6.ll 
implies that 


r*±512n512 = {x±} 


and so 


{Tf512,rf_512} n |r*+512,T^_512| = 0. 

Then by Lemma I7.3I there exists bi-proximal elements 7 fc £ Aut(12) so that 


< ^ ^ and x^^ -£ x+. 


So by the previous lemma there exists a bi-proximal element ip £ Aut(12) so that 
x'^ = z. But then by Proposition I6.II 


rf512n512 = {z}. 

□ 

Lemma 10.5. Suppose K is either C or H, 12 C P(IK'^~'’^) is a proper domain with 
boundary, and there exists x,y £ £(12) such that T)f512 7 ^ £^512. Then for 
all x~^,y'^ £ £(12) distinct there exists a bi-proximal element p £ Aut(12) so that 
x'^ = xfp and y~^ = x~. 

Proof. There exists 4>m, Pn £ Aut(12) and p G 12 so that (fmP —t x'^ and pnP —t y'^■ 
By passing to a subsequence we may suppose that ~- 
some x~ ,y~ £ 512. 

Notice that if 


and p^^p ^ y for 


{T^+512,r^“^_512} n {Ty"i512,T^"i512} = 0 

then the lemma follows from Lemma o and Lemma 110.31 Motivated by this 
observation, the proof reduces to modifying pm and pn so that T^_512 ^ T^512. 

Now by Theorem [7T] and Proposition | 6 T] there exists a bi-proximal element 7 £ 
Aut(12) so that {x~^, x~,y'^, y~} PI {xfj, x~} = 0. Then since £^±512 fl 512 = {a;^} 
this implies that 

{£)(^512,£*_512} n {£*+512,£^_512} = 0 

So by Lemma 17.31 and Lemma 110.31 there exists a bi-proximal element p so that 
x~^ = x'^ and a;+ = xf,. Using the same argument we can find a bi-proximal 
element p so that ?/+ = and 


{ 


X' ,x'f}P{y 


+ a;+ 


} = 
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Now 


Then by part (2) and (3) of Proposition 16.II 

and so the lemma follows from Lemma rrai and Lemma riO.31 □ 

Proof of Provosition \10.1\ We first observe that £(0) is closed. Suppose Xn G £(n) 
and Xn —t X. Then there exists pn,m G Aut(r2) and S O so that 

lim ipn,mPn = Xn- 
m—^oo 

Now fix p S n, then by Proposition l5.ll 


lim 


iP = Xr, 


Then there exists rUn oo so that 


lim Pn,m^P = X. 
n—^oo 

So £(n) is closed. 

Now ii x,y G £(11) then there exists a bi-proximal element p G Aut(12) so that 
X = x'^ and y = x~. Then by Corollary 18.51 y G Auto(ll) • x. Since x,y G £(H) 
were arbitrary we see that Auto(ll) acts transitively on £(11). 

Now Auto(ll) < PGLd+i(C) being a closed subgroup (see Proposition 14.411 is a 
Lie subgroup and acts smoothly on P(K'^''"^). Since £(11) = Auto(ll) • x for any 
X G £(11) we see from Lemma ri0.2l that £(H) is a C°° submanifold of P(IK‘^~''^). □ 


11. Proof of Theorem 11.21 

For this section suppose that H C P(K‘^'''^) is a proper domain, dfl is a 
hypersurface, and the limit set spans Since the limit set spans there exists 

x,y G £(11) so that x ^ T^dfl. In particular, T^dfl ^ T^i911. So Aut(ll) contains 
a bi-proximal element by Theorem 1 7. II 

Now fix a bi-proximal element p G Auto(ll) and let Pick coordi¬ 

nates so that 

(1) 4 = [l:0 :---:0], 

(2) a;- = [0:l:0:---:0 ], 

(3) H+nH- = {[0:0:z2:---:zd]:Z2,...,ZdGK}. 

For the rest of the proof identify with the affine chart 

{[1 : Zi : Z2 ■■■■■■■ Zd] ■■ zi,Zd G K}. 


Then by Theorem 18.21 there exists a function F : K'^ ^ H so that 
H = {{zi,Z2, ■■■,Zd') ■■ Re(zi) > F{z 2 , ..., Zd)}- 
and by Corollary [SA] 


tpt ■-= 


G Auto(ll) 


Idd-i 


for t gR- 
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Now there exists xi,..., Xd-i S so that (as K-lines) 

+ xi + • • • + Xd-i = . 

By Proi30sition l6.il H~ n9f2 = {x~} and so xi,..., Xd-i are contained in our fixed 
affine chart. 

Now we claim that 

To C{n) =Kpx = Todn. 

Notice that the second equality is by definition. 

For 1 < i < d — 1 let Li be the K-line in which contains 0 and Xi. 

Now fix some i. By Lemma 110.51 and Theorem 18.21 Li n dLt is projectively 
equivalent to a half space and thus in the affine chart is either a half space or 
a open ball in Li (see Observation iBTl) . Since F{z 2 ,. ■ ■, Zd) > 0 for all non-zero 
(z 2 ,..., Zd) we see that Li n dLl must be an open ball in the affine chart. Moreover 
by Theorem 18.21 Li 0 dLl C £(0). Now since Li 0 dLl is a sphere we can pick 
oi,..., Or S Li n dVt so that r = dimR K and 

Spangjai,... ,0^} = L* 

as elements of this affine chart. 

Let P : —>■ be the projection 

P{zi,...,Zd) = {0,Z2,...,Zd). 

Now if z € C{Ll) then 

^t{z) = (e“^‘zi, e“*Z2, ■ • •, e~*Zd) G L(0). 

and 

lim -^-iptiz) = (0, Z 2 ,..., Zd) = P{z). 

t^oo e 

Since £(0) is a submanifold this implies that P{z) G To£(0). Thus we see that 
P(ai),..., P{ar) C To C{n). Thus P(Li) C To £(0). 

Since i was arbitrary we then see that 

P{Li -b ■ • ■ -f Ld-i) C To C{n). 

But since 

x'^ + x~ + Xi ^ -+ Xd -1 = . 

as K-lines we have 

{0} X K'^ ^ = P{Li + • ■ • + Ld—i) C To £(0). 

Using Theorem 18.21 we see that Kp x{0} C C{Ll) and so 

To £(0) = Kp X K'^-i = Todn. 

Thus £(0) C dn is an open and closed submanifold of dn. Since dn is connected, 
this implies that £(11) = dn. 

Then since £(11) is a C°° submanifold of P(K‘^^^) we see that 912 is C°° and so 
the Theorem follows from Theorem 11.61 
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12. An EXAMPLE 


In this section we construct a non-symmetric proper domain C with 

boundary so that there exists x,y G C{Q) with T^dfl ^ 

Let F : P(]K'^"^) R>o be a function (which is not C^) and dehne the 
function 


F{z2,...,Zd) 


F{[z2 ■■ ■■■ ■■ Zd]) if {zi,...,Zd) ^ 0 
0 otherwise. 


Then consider the domain 

= {[1 : : • • • : e : Im(zi) > (|z2|" + • • • + \zd\^) F{z2,..., Zd)} . 

Clearly dfl is away from [1 : 0 : • • • : 0] and [0 : 1 : 0 : ■ • • : 0]. Since F is 

bounded, dfl is at [1 : 0 : • • • : 0]. Moreover if we consider the projective map 

T{[zo : zi : Z2 ■■ ■ ■ ■ ■■ Zd]) = [zi : -Zq : Z2 ■■■■■■■ Zd] 

then r(n) = n. Thus is also at [0 : 1 : 0 : • • • : 0]. 

Finally notice that Aut(f2) contains the transformation 

[zo ■■ Zi : Z2 ■ ■ ■ ■■ Zd] [e*zo : : Z2 ■■■■■■ Zd] 


for any t e R. Thus [1 : 0 : • • • : 0], [0 : 1 : 0 : • • • : 0] G 


Appendix A. The Quaternions 

In this expository section we will review the basic properties of the quaternions. 
The quaternions W. = {a + bi + cj + dk : a, b,c,dG R} form a complex two dimen¬ 
sional vector space with multiplication rules: 

= ijk = —1. 

The quaternions have a natural conjugation: 

a + bi + cj + dk = a — bi — ci — dk 
and a corresponding absolute value: 

|a -I- 6 z -I- cj + dk\^ = {a + bi + cj + dk){a + bi + cj + dk) = + b'^ + + d^. 

One can also speak of the real part Re(z) = ^{z + z) and the imaginary part 
Im( 2 ;) = i (z — z) of a quaternion. 

In this paper we identify with d-by-I matrices with entries in H and let H 
act on as follows: 

a ■ (zi,..., Zdf = (zia,..., Zdaf. 

We then dehne GLd(EI) to be the invertible R-linear transformations of which 
commute with the above action of H. If Md(J^) is the space of d-hy-d matrices with 
entries in H, then we can identify 

GLd(H) = GL 2 d(C)nMd(H). 

Since the quaternions are non-commutative this identihcation requires that the 
scalar multiplication acts on the right while Md(JA) acts on the left. 
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Given ip S GL(H'^) we can define a determinant by viewing ip as an element of 

GL2d(C): 


D{p>) := 


det(v3: ^ 


There are more sophisticated ways to define determinants for matrices with quater- 
nionic entries, but the simple definition given above is good enough for our purposes. 
Finally, define the special linear group 


SLci+i(]HI) — {(p £ GLd_|_i(]HI) : D{(p) — 1}. 

Now we can define the quaternionic projective space to be 

P(]HI^+i) = {z£ ]HI‘^+i}/{z ~ a • z}. 

Then GLd+i(]HI) acts on P(]HI‘^“''^) and an element p £ GLci_|_i(]HI) acts trivially if 
and only if 

/a \ 


for some a G K*. So the group 


PGLrf+i(H^+i) = GLd+i(H)/{M*/d} 


acts faithfully on P(]HI'^^^). Moreover every p £ PGLj;_|_i(IHI) has a representative 
in SLd+i(]HI). 


Appendix B. Mobius transformations 


In this section we review the basic properties of Mobius transformations when 
K is either C or H. All these facts are well known when IK = C. 

We can identify P(K^) with IK = IKU{oo} via the map 


[zi : Z2] —>■ 


Zi(Z2) ^ if Z 2 7 ^ 0 
00 otherwise. 


With this identification PGL 2 (K) acts on IK by 

• z = {az + b){cz + d)~^. 

As in the complex case, Mobius transformations map spheres and hyperplanes 
to spheres and hyperplanes. 


fa b 
d 


Observation B.l. PGL 2 (IK) maps spheres and hyperplanes to spheres and hyper¬ 
planes. 


Proof. Every sphere and half plane can be described as a set of the form 

{zGK: \z — a\ = R\z — b\} 


for some a, 6 G K and R > 0. Moreover every set of this form is a sphere or half 
plane. A calculation shows that Mobius transformations map a set of this form to 
a set of this form. □ 
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Let 


n+ = {zeK: Re( 2 ) > 0}. 

Now is projectively equivalent to the unit ball by the Mobius transformation 

z ^ {z - l){z + l)-\ 

In particular, Aut('H-i-) is isomorphic with 

Aut({|z| < 1}) = PUk(1, !) = {(,£)€ PGL(K^) : Q o ip = Q} 

where Q{z) = \zi\^ — \z 2 \^■ The next proposition follows from the basic geometry 
of rank one symmetric spaces of non-compact type, but we provide an elementary 
proof. 


Proposition B.2. 

(1) If X € C K then the group 


Px = & Auto(H+) : (px = x} 

acts transitively on 'H+, 

(2) Auto(?^+) acts transitively on 871+, 

(3) Auto(?^+) *5 generated by the two subgroups 


U = 


1 w 
0 1 


: Re(u>) = 0 > and V = 


1 0 
w 1 


: Re(w) = 0 > . 


Proof. A direct calculation shows that 

p — 

J- nn — 


—1 ) : A, w € K, A ^ 0, Iie{w) = 0 ^. 


0 A 

Then Poo clearly acts on transitively on and 871+ \{oo}. Since 

-1 


Pn = 


0 1 
1 0 


Poc 


0 1 
1 0 


we see that Pq acts transitively on 87-L+\{0}. Since Auto('P-i-) contains Pq and 
Poo, this implies part (2). Then since Auto(P+) acts transitively on the boundary, 
we see that every group P^ is conjugate to Poo- Then since Poo acts transitively on 
77+, we then have part (1). 

It remains to prove part (3). Let G be the closed group generated by U and V. 
If Re(u) = Re(w) = 0 then 

YO w\ fO 0\ 

1^0 o)’\u o) 

So the Lie algebra of G contains 

: X,w,u G K, Re(u') = Re(u) = 0 




In particular G contains Poo and Pq. This implies that G acts transitively on the 
boundary. Now suppose p G Auto('H+). Since G acts transitively on 871+ there 
exists j G G such that (7(/?)(0) = 0. Then jp G Pq C G which implies that 
PGG. □ 
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